Measuring the entanglement of coupled spins by multiphoton interference 
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We propose an experimental method to measure the entanglement of coupled spins, each in a sepa- 
rate quantum dot, by means of multiphoton interference patterns generated through the scattering 
of two laser beams off the quantum dots. We calculate the iV-photon quantum correlations measured 
by N detectors on an image plane. Using two perpendicular laser beams, either many correlation 
measurements on a time ensemble or a single correlation measurement on a spatial ensemble of the 
many-qubit state is sufficient to retrieve all the possible amplitudes of a many-qubit state. 

PACS numbers: 03.65.Ud, 03.67.-a, 42. 25. Hz, 03.67.Hk 



Semiconductor spintronics Q and semiconductor 
quantum computation have become very popular re- 
search fields since time-resolved Faraday and Kerr rota- 
tion measurements in GaAs semiconductors revealed an 
electron spin coherence length and time exceeding 100 
//m and 100 ns, respectively ||,f||. Since then T 2 *'s ex- 
ceeding 1 ns have been observed in undoped quantum 
dot ensembles [||. Most of the quantum computation 
schemes for semiconductor spin systems can be traced 
back to the initial proposal in Q . Information on the re- 
sult of a quantum computation, i.e. the exact many-qubit 
state of a spin system, was proposed to be measureable 
indirectly through the charge degree of freedom. Of spe- 
cial interest is the entanglement of two or more spins, 
which can be measured for a non-degenerate eigenstate, 
for example, in the noise of the charge current flowing 
through two quantum dots |Q, or through the produc- 
tion of single pairs of entangled photons S . 

Here we propose a general and robust method of mea- 
suring optically all the information about the entangled 
state permitted by quantum measurement bounds, in- 
dependently of whether or not the eigenstates are non- 
degenerate. In the case of a spatial ensemble of spin 
systems coherent oscillations of many-spin states can be 
observed by repetitive measurements without the need 
to refresh the many-qubit state, analogous to the preces- 
sion of an ensemble of single spins. Repetitive prepara- 
tion and detection of the many-qubit state can also be 
performed. These proposed measurements for n qubits 
are the n-qubit generalization of single-spin Faraday ro- 
tation [S . For the measurement of a single many-qubit 
state, repetitive measurement without preparation pro- 
vides that information permitted by quantum measure- 
ment bounds. Our approach reads out the many-qubit 
states of the spins of excess electrons in quantum dots 
by means of nonresonant laser beam scattering off the 
valence band electrons [via virtual excitation of electron- 
hole pairs (see Fig. |l|)]. Such virtual states also play 
a central role in the optical Stark effect |^,[l(|. Since 



the selection rule for the creation of the virtual electron- 
hole pairs matches exactly the spin state of the excess 
electron, the entanglement of the excess electrons is im- 
printed onto the many-photon system. Two perpendic- 
ular laser beams with different circular polarizations il- 
luminate the sample, and the amplitudes and the entan- 
glement of the many-photon state are read out by multi- 
photon correlation interference patterns. 

We first demonstrate our method for a two-qubit sys- 
tem. We start from a general two-spin state of the form 

|V) - a++ IT; T> + a+_ |T; |> + a_+ II; T) + a— ||; I) , 

(1) 

where |f) and ||) are the spin states of the excess elec- 
trons in quantum dot 1 and 2, separated by a semi- 
colon. We are interested in reading out the amplitudes 
a ++ ,a^ ,a |_,a , which also determine the entangle- 
ment of the two spins. 

To measure the amplitudes two perpendicular and cir- 
cularly polarized laser beams are scattered off the two 
quantum dots (see Fig. [j]). The electric component of 
the laser field can be expressed by E(x, t) = E^ + ' (x, t) + 
E(~>(x,t), where 



E (±) (x,t) = ±i 
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ako-i and cJ ± are the annihilation and creation operator 
of a a photon, respectively, eq is the vacuum dielectric 
constant, and V is the volume containing our quantized 
electric field E(x, t). We restrict ourselves to one mode 
k and one frequency wjj. For convenience, we choose the 
left and right circular polarizations for our calcula- 
tions. We wish to avoid absorption of the laser light, so 
the frequency of the laser should be tuned slightly below 
the bandgap of the semiconductor. For, e.g., ZnSe dots, 
one could use a wavelength of A — 500 nm. The light 
induces Raman transitions of the valence electrons in the 
J z = ±3/2 states (see Fig. ||). The virtual states are 
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marked by dashed lines in Fi g. p| The electron-photon 



interaction Hanhltonian reads |13| 7i ep = 
where Aj is the vector potential of the laser interacting 
with quantum dot i with E; = dAi/dt, is the momen- 
tum of the electron with spin J z — ±3/2 on quantum dot 
i, and n is the number of quantum dots. The left/right 
circularly polarized laser beam propagates at 45°/-45° 
angle with respect to the axis that is perpendicular to the 
image plane. In order for the two beams to be directed 
into the image plane, two mirrors at 22.5°/-22.5° angle 
must be set up right next to the sample, which is shown 
in Fig. [lj The quantum dots can be arranged in any 
2D configuration, including the random distribution ex- 
pected from growth kinetics. The rotationally invariant 
selection rules of spherical dots give the cleanest results. 
So we will focus only on them. 
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FIG. 1. Detection scheme where both laser beams are scat- 
tered off the quantum dots, which produces an interference 
pattern on the image plane. The left and right circularly po- 
larized laser beams propagate at 45° and -45° angles. After 
scattering off the sample, both laser beams are redirected to- 
wards the image plane by two mirrors at 22.5° and -22.5° 
angles. The distance between both outgoing parallel beams 
can be made of the order of the sample size. Therefore the 
pattern that is seen on the image plane comes from almost 
the same source image. 

It is important to note that there is only an exchange 
interaction between the excess electrons with spin ±1/2 
of the quantum dots, and not between the valence elec- 
trons with spin J z = ±3/2, due to the Pauli exclusion 
principle. Thus we can treat the electron-photon inter- 
actions for each quantum dot separately, i.e. the photons 
produce virtual electron-hole pairs on each quantum dot 
separately. Since [Aj • pj, A,,- • p,,-] = for i ^ j, we know 
that the propagator splits like e« Wei ' = Y[i=i e?r ~ Ai ' p ' ■ 
Since our quantum dots are spherically symmetric, we 
can use any quantization axis we want. For the calcula- 
tion it is best to choose the quantization axis - from now 
on our z-axis - in the direction of one of the laser beams. 
We choose the crT^ photons to propagate in z-direction, 



and the erf-, photons to propagate in x-direction. Then 
the qubits select the appropriate circular polarization ac- 
cording to their spin state, which is shown in Fig. ^. If 
the exchange coupling between the quantum dots is much 
larger than the electron-photon coupling, the one-photon 
scattering is suppressed, because the exchange is blocked 
only for a two-photon scattering, i.e. the energy levels of 
one- and two- photon absorption are different. The same 
holds for n-photon scattering, where p-photon scattering 
is suppressed for < p < n. If the quantum dots do not 
interact, there will be spurious coincidences. Although 
this leads to a background intensity, these coincidences 
are random and thus are not seen in the correlation in- 
terference pattern. After taking the direct product of 

we obtain first a transition 



Eq. (|TJ) and 



'(x) 



'(*) 



to the intermediate state 



a ++ 



|U;U), 



(3) 



where the underlined arrows indicate the virtual electron- 
hole pair and a++ = \ (a++ + + a |_ + a ), = 

■^{a+- + a — ), d_+ = -^{a-+ + a — ), a — = a__. 
The next virtual transition takes the combined electron- 
photon state into 



|V>e P ) = «++ 



-5— II; I) 



a t)> a W 



, (4) 



where the semicolon for the photon states separates the 
photon coming from quantum dot 1 and 2, respectively. 
Note that only a small part of the incoming laser beam 
gets entangled with the electrons (the usual source of 
decoherence [[L4"|), which is determined by the scatter- 
ing amplitude. Even if the quantum dots have dif- 
ferent energy level spacings, the amplitude distribution 

a ++ , a_| , a |_, a__ is preserved, because the a + and a~ 

dipole transition amplitudes are equal. 




y L =m 



FIG. 2. Energy level diagrams for a two-qubit state. The 
Raman transition is produced by a crjj photon when the ex- 
cess electron is in the state |<— } = + \l))/V2, or by a a" ( 
photon when the excess electron is in the state |J.}. 
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Now we are ready to measure the two-photon correla- 
tions in order to retrieve the amplitudes of the two-qubit 
state. The joint probability that one photon with polar- 
ization er + is detected at x a+ and a second photon with 
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polarization a is detected at x a _ (see Fig. |T|) is propor- 
tional to /e^E^E^E^^ @. Each electric field 
term consists of a sum of electric fields coming from all 
the quantum dots, i.e. E^± = £™ =1 E^±, where n is 
the number of quantum dots. Then the two-photon in- 
terference pattern of two quantum dots is given by the 
two-photon correlation 



C 2 



+\a-+\ + \a+-\ |a_+|cos(£ + v3), (5) 



where £ = fc(|xi - x CT + 1 + |x 2 - x ff - | - |xi - x CT - | - 
|x2 — x CT +|). From this interference pattern we can re- 
trieve 1 5_| |, 1 5 |_|, and the phase difference if = ip^ — 

(p |_ between 5-| and a which is a direct measure of 

the entanglement regarding |T;|) and |J.;f). For exam- 
ple, for coherent oscillations between (|f; J.) — UjT))A/2 
and (|t; 4) + ||;f))/V2, v / 25+_ = a+_ and V2a- + = 
a |-. Note that the two detectors must be locally sepa- 
rated since the entanglement is a nonlocal physical phe- 
nomenon. In order to detect the entanglement regard- 
ing |f; |) and ||;|), the spins would have to be ro- 
tated globally into the direction with spherical angles 
8 and <t>, which transform the spin states into If') = 



|T)+sin|e^||),|i') 



IT)- 



transformed two-qubit amplitudes read then 

a' ++ = a++c 2 — (o_| + a |_)cs + a s 2 , 

ft' H = |(a ++ — a__)cs + a H c 2 - 

a_ + = [(a+-f- — a )cs — a_| s 2 - 

a'__ = [a ++ s 2 + (a_| + a |_)cs + a c 



+c 2 ]e l t 



II). The 

(6) 
(7) 
(8) 
(9) 



where c = cos | , s 



Sin : 
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FIG. 3. Here a 2-photon correlation interference pattern of 
a 4-qubit state has been calculated by means of Eq. (|ll|) . 

Consequently, the correlation is transformed to 



where a' ++ = ^(a' ++ + a'^ + a'_ + + a'_ ), a'^ = 

^( a ;_ + o'__), a'_ + = ^(a'_+ + a'__), a'__ = a'__, 

and = — <//_ + is the phase difference between a', 

and a',. We see now immediately that it is possible to 
retrieve the rest of the amplitudes. 
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Measurements on an ensemble of such quantum dot 
spin systems could be used to observe time-dependent 

coherent phenomena. For example, the phase ip-t — ip |_ 

of the two-qubit system initialized in a superposition of 
singlet and triplet eigenstates would change linearly with 
time, producing an oscillation in the two-photon interfer- 
ence pattern with a frequency depending on the singlet- 
triplet energy difference. Observation of a single two- 
qubit coherent oscillation could also be done by repetitive 
measurements after initialization (time ensemble). 

For illustration we calculate first the 2-photon cor- 
relation for four quantum dots. A general 4-qubit 
state has the form \ip) = £a= u E/j= u E 7 =T,jXU=t 1 i 
a-afi-yv laffrfv) ■ t corresponds to + and j to - in a a fj lv . 
After long but straightforward calculation, we obtain 

C 4 = 
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(11) 



where C ijk i = J2 P , q =+,- fepjfewl C0S tejM + fijpq ~ 

<Pklpq), iijkl = k(\Xi - X CT+ I + \Xj - X CT - I - |xj - X CT - I - 

|x fc -x CT +|), i,j,k,l = 1,2,3, i ^ j, k ^ I. a ljpq repre- 
sents the amplitudes with and |J.) .. The sites p and 
q can be either |— >) or ||). An example for C4 is shown in 
Fig. [| The two-photon correlation for n quantum dots 
reads 



i=l j=l,j^'i 



i=l j=l,j>i 



'J J > 



n n 



EE E E' Ci i ki 



n n 



+ E E E (Pav + CjHH), (12) 

i=l j = k=l,k>i,k^j 

where £ gives also a vanishing term Cyy = if lOi+j > 
10k + I for i < j and k < I, lOj + i > 10k + I for i > j 
and k < I, lOi + j > 101 + k for i < j and k > I, and 
lOj + i > 101 + k for i > j and k > I. We obtain 



F(n,2) = 



'n-1 
(n-2)! { 2 



(13) 
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Cijki terms with different spatial frequency dependencies 
cos£jjjy. The first binomial comes from choosing i and j 
out of n in the second sum of Eq. ( |i~2| ) , the second term 
from the ^ sum, and the last binomial from the last sum 
where i and k are chosen out of n. The number of am- 
plitudes a increases as 2™, which is smaller than F(n, 2) 
only for 2 < n < 13. In order to increase the number of 
spatial frequencies £ijki, we must use more detectors. Us- 
ing unpolarized detectors increases the number of £ijkh 
but does not provide more information on the amplitudes 
since the polarized detectors select the amplitudes. Nev- 
ertheless, adding unpolarized detectors increases the spa- 
tial resolution (see below) . Consequently, we have to add 
more polarized detectors as n is increased. So we have 
to measure the 2-, 3-, A-photon correlation interfer- 
ences. If we use N polarized detectors, we get 



N r 



F(n,N)=Y, 

3=2 



(n-j)\ 



n — 1 

3 



(14) 



The number of amplitudes a increases as 2™, which is 
smaller than F(n,N = [n/2]) Vn > 2. So if we use at 
least N = n/2 detectors and do N — 1 measurements, 
we can read out all the amplitudes, provided we have a 
groundstate or ensemble. Although the N = n/2th sum- 
mand in Eq. ( |l4| ) provides already enough equations and 
frequencies, only a small part of the amplitudes are visi- 
ble to the N — n/2-photon correlator. Note that global 

rotations are needed to read out a++n \- and a 

We should also discuss the resolution limit. Since the 
bandgap of ZnSe is on the order of 500 nm, we have also 
to use a laser of A = 500 nm, which means that the qubits 
must be about 1500 nm apart. From Eq. (Q) one can see 
that the resolution can be enhanced by a factor of 2 by 
varying both detector positions x a + and x a - in £y/-; , such 
that |xj - x CT+ 1 - |x fc - x CT+ 1 = \xj - x CT - | - |xj - x CT - |, 
which leads already to a resolution of A/2 = 250 
nm. Further enhancement of resolution can be achieved 
by measuring the TV-photon correlations of the form 



E 
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E 



(+) 



■ • ^ds rj cr+ ^dr 

E (+) E (+) E (+) 

d v <j- d a 



dq (J dp 



E 



.E 



(-) 

di 
(+)\ 



d 3 ' ' ' "djy / ' 

which enhances the resolution by a factor of N if 
|x s - x rfl | - Ix^, - x dl | = . . . = |xj - x CT+ 1 — |x fe — x a + | = 
|xj - x CT - | - |x/ - x CT - | = . . . = |x„ - x rfjv | - |x h - x djv | 
for all pairs of distances between quantum dots and de- 
tectors. Since N < n, the larger n, the higher the reso- 
lution that can be achieved. However, as soon as the en- 
tanglement decays, also the resolution decreases. Never- 
theless, this decrease in resolution means that the spatial 
oscillation period nk decreases down to fc, which can be 
measured in real-time. For present quantum dot technol- 
ogy N = 10 would be suitable. Another solution would 
be to use only every e.g. fifth quantum dot as a computa- 
tional qubit, and the other quantum dots would be used 
to mediate a super-superexchange interaction between 



the computational qubits, which requires a generalization 
of the superexchange mechanism presented in Ref . p7[ . 
Using three intermediate dots gives an exchange coupling 
J ~ tg/e , where to is the tunnel coupling between the 
dots, and e is the energy difference between the level of 
the computational dots and the level of the intermedi- 
ate dots. J can be maximized by increasing both to and 
e while keeping to < e Q. For a test of our theory, 
an appropriate experimental system would be similar to 
the one found in p9| ]. Singlet-triplet oscillations could 
also be observed in an ensemble of paired coupled dots 
of different sizes. In addition, it would be interesting to 
observe the quantum Zeno effect induced by repetitive 
measurements on the singlet and triplet states. Finally, 
it is also possible to measure the p-qubit entanglement 
of an n-qubit system, where p < n, by focusing the laser 
beams on only the p quantum dots. 
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